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By antiplanar deformation is meant the state of stress in an infinitely
long cylinder subjected to the action of loading which is applied in the
direction of the generators and which is constant along them. The elastic-
plastic problem under the condition of antiplanar deformation has alresady
been considered in the works of Treffiz [1]. Hult and McClintock [2].
Neuber [3]. Paper [1] gives an exact solution of the elastic-plastic prob-
lem on the antiplanar deformation of an angle section with right-angle
opening, and salso of the analogous problem for a region exterior to a
circular hole. The elastic-plastic problem for a half-plane with a sharp
notch has been solved for small values of the loading parameter in (2].
Neguber [3] considered a strip with two symmetric sharp notches, and,
moreover, for an arbitrary single-valued relation between the stresses

and the strains, the solution of the problem was reduced to a system of
two ordinary differential equations and for a specially selected law the
solution was obtained in closed form.

Below, a treatment will be given of the solution in quadratures of
the static elastic-plastic problem for the exterior of an arbitrary con-
tour wholly enclosed by the plastic zone and loaded arbitrarily (Section
2}; an exact solution of the problem for the exterior of & contour con-
sisting of segments of straight and curved lines in the case when the
straight sections are free of stresses and the parts of the curved ares,
which are arbitrarily loaded, are wholly contained in the plastic zone
(Section 4).

The solutions of the problems of Section 4 are based mainly on the
solution of & certain nomlinear boundary value problem (Section 3).
Throughout this article the Prandtl diagram has been taken as the rela-
tion between the stresses and the strains,
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1. General relations. The fields of displacements and stresses in the
considered body are such that

u=v=0, w=w(z,y), G, =0 naz:rw——:o

v
1.1
Tz = Ty (2, ¥), Ty =Ty, (=, ¥) (1.1)
Here u, v, » are the components of the displacement vector; O oy.
o, Txy, Tey Ty, 8Te the components of the stress tensor; =x, y, z are
Cartesian coordinates (the :z-axis is parallel to the generators). In the
plastic region we have the relations [4,5]

ot,, Ot
5z +t oy =0  {equilibrius equation) {1.2)
Tt AT, = K (yield condition) (1.3)
dw ow
Tyegy —Txz gy =0  (Hencky conditiom) (1.4)

Here &k = T, according to the Huber-von Mises condition, and
k= 21‘/4 3 according to the Tresca-Saint-Venant condition, and T, is
the yield value in pure shear. The stresses can be determined inde-
pendently of the boundary of the plastic region. We represent the
stresses in the form [5)

Tye=Fkcos8, v, =ksin® (1.5}
Here the function O(x, y)' satisfies the condition
a0 20
—sineb;-l.—cose@:O (1.6)

The characteristics of Equation (1.8) are the family of straight
lines y = — z cot 8 + C, 8 = const, which coincide with the slip lines
and are orthogonal to the vector T =7 _ + iTyz at every point. From the
Hencky relation (1.4) it follows that » = const along the slip lines.
Thus the stress field in the plastic region is completely determined by
the form of the boundary of the plastic region and by the boundary load-
ing. On the boundary between the elastic and plastic regions we allow no

discontinuity in the stresses or the displacement.

In the elastic region the stresses and the displacement can be deter-
mined [1] by means of one analytic function of a complex variable (u is
the sheer modulus)

w=Re f(z), T=1,+it,=upf (2 (z==z+iy) 1.7
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2. The elastic-plastic problem for am arbitrary hole in an
infinite plane in the case when the plastic region completely
surrounds the hole. Let the sectionally smooth contour C of the hole
be representable in the complex variable z by means of the parametric
equations x = §(t), y = n(t), where §(t) and n(t) are periodic, single
valued functions with the same period T, having sectionally continuous
derivatives (Fig. la). Applied to the contour there is a load v =kv(t),
where T(t) is a sectionally continuous function and |7(t)| < 1. The con-

tour L of the plastic region con-
tains all of the hole C. Dy

a y b Y Formula (1.5) on the basis of the
boundary data we find that the
f»‘“?‘ stresses in the plastic region
' U are
I3 . ]
L X%."Mf T= kele
Kl=1

along the line
Fig. 1. [¢g=1

y—M() = —(z —E () co 6
0 =a@)—B(@ (2.1)

Here for simplicity the following notation has been introduced

T(@) =cosa(f), &£ () =sinBOVETW)FATO 2.2)
O<La@)<n, 0B )< 2n)

The function © = 6(t), given by the relation (2.1), is sectionally
continuous. We require that the inverse function t = t(8) should be
single-valued.

We assume that every slip line intersects the contour L at one point,
and, conversely, that from each point of the contour L it is possible to
construct only one slip line proceeding from the boundary C of the body.

It is easy to derive the relation connecting the function 6 with the
coordinates of the point of the contour of the plastic region z = |z]e'®,
in which the stress can be determined by means of Formula (2.1)

(Fig. la)

|z} cos(p — 0) =n(t)sin 8 +E (¢) cos 6 (2.3)

On the contour L of the boundary between the elastic and plastic
regions we have, by virtue of Formulas (2.1) and (1.2), the condition
for the continuity of the stresses
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wf’ (2) = ke (2.4)

We now change over to the parametric plane of the complex variable

= f (2), z2 = o () (2.5)

By virtue of the boundary condition (2.4) and the previously mentioned
assumption that there is a one-to-one relation between the contour L in
the z-plane and the unit circle { = e' in the {-plane, where y = - 8,
and the elastic region is inside this circle (Fig. 1b).

The function w({) may prove to be multi valued. Vhen z ~ », let

f 2y = fo + fi/z +0 (2, fo = P_l (Txz — iTy:o)s fi = Fl2np

where T‘f, Ty? are the stresses at an infinitely remote point, and F is
the resultant vector of the forces applied to the boundary (6]. In order

that the plastic region enclose the entire hole it is necessary that

fo=0, f+0 (2.6)

The first of these conditions follows from the principle of maximum
modulus, and the second from the principle of correspondence of bound-
aries [7,8]; the conditions (2.6) are the conditions for the single-
valuedness of the function z = w({) when |{| < 1. Moreover, the point
{ =0 is a first order pole since w({) = f,/ + O(1) as [ = 0. In general,
the function { is not of one sheet. In particular, when f; = 0 the point
{ = f, is always a branch point of the function w().

By (2.3), we obtain in the hodograph [-plane the following boundary
value problem for the function w(l):

Re [Zo (D)] =p (1) for [ =V (2.7)
o) =—mlt(—1))siny +¢ [t (—1))cosy

where p(y) is a known continuous and single-valued function, and

Lo () =H+0(@® for £ —0 (2:8)

From the Schwarz formula [7,9,10] we obtain the solution of (2.7) and
(2.8)

¢

mar-mcgpw) Lo (2.9)
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Taking the limit { = e!Y, we obtain the parametric equation of the
boundary L separating the elastic and plastic regions

on
()=o) —h+4 | 2925 (2.10)
0

The integral in Formula (2.10) is to be understood in the sense of the
principal value. We note that after the determination of the boundary L
it 1s necessary to check whether the assumptions made earlier are
satisfied.

In order that the solution of the problem in the Form (2.9) and (2.10)
should exist, it is necessary that the function p(y) should satisfy the
two conditions

®  EISEO+re (mam= wd) @1

(2) the function arg z(y) should be of one sign.

It -should be noted that during the solution of the problem use has
been made of the Prandtl diagram without an unloading section, which is
the same as the indirect assumption that the work of the plastic deforma-
tion is positive everywhere in the plastic region. Thus the solution of
the problem is valid only for those loading paths for which the successive
elastic~plastic boundaries contain the preceding ones, or at least come
into contact on some sections. Otherwise the shape of the boundary be-
tween the elastic and plastic regions, as well as the overall solution
will depend on the path of loading. For loading paths satisfying the
above conditions, the limitations (2.11) applied to the functionm p(y)
will be sufficient for the existence of the solution of the initial
elastic-plastic problem. The remark concerning the paths of loading as
well as the condition (2.11) apply to all subsequent solutions of elastic-
plastic problems.

3. The auxiliary boundary value problem. 1. Let it be required
to determine a function w(z), which is analytic in the whole half-plane
Im z > 0, from the nonlinear boundary conditions on the real axis

lo @)=« (t) el Re [(a () —ib (@) o ()] =0 em (3.1)

where a(t), b(t), a(t) are almost everywhere continuous functions satis-
fying the Gel’der condition on the interval of continuity and at an in-

finitely remote point (a + ib # 0); L = Lo+L,+ ...+ L, where L, are
the intervals - ® < a, < t < b, <®; and M is the manifold of points on

the real axis lying outside L.
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We will require at least integrability of the function w(z) at the
end points of the intervals t = ¢, t = b, as well as at the points of
discontinuity of the coefficient a - tb(t = c¢;) and of the function
a(t)(t = d,).

We indicate the method of solution of the boundary value problem (3.1),
which is based on the reduction of it to a nonlinear Riemann boundary-
value problem, solvable in closed form with the aid of methods analogous
to the classical method of solving linear boundary value problems de-
veloped in the monographs of Muskhelishvili [9] and Gakhov [10]. As re-
gards the nonlinear boundary value problem and the related problems of
nonlinear singular integral equations, they are the celebrated, chiefly
qualitative investigations touching on the questions of existence and
uniqueness of the solution. Some nonlinear problems, solved in closed
form, were also treated in [11].

2. By canonical function of the nonlinear boundary value problem (3.1)
will be denoted that sectionally holomorphic function X(z) with a line
of discontinuity on the real axis which is the canonical function of the
Riemann problem

a(ty+ib(t
_ - agt;iib((z)) (teM) .
X)) =GWX-(1), GH— (3.2)
1 tel)

Moreover near the points t = c¢,, the class of X(z) coincides with the
given class of the functions w(z), and at the points a, and b, the func-
tion X(2) is bounded.

The canonical function thus determined for the problem (3.1) can be
written in the form [9,10]

n ~+-00
H (2 — b)) *ef @, T (2) = 50 g LLALAPY (3.3)

Let x = x; + ... + k, be the index of the Riemann problem (3.2), which
is determined in the usual manner ([10], p. 436).

The boundary condition (3.1) can be rewritten in the following way:
oo =c@) e, @—b) o)+ @+ ib)o®=0ueM (3.4

We introduce the function ®(z), which is analytic in the whole z-
plane except, perhaps, on the real axis:
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© - (3(z)/X+(z) for Imz2>0
(2) {m(z)/X‘(z) for Imz< 0 (35)

With the aid of Formulas (3.5) and (3.2), the boundary condition
(3.4) can be written in the form

OO =al(t) X2(t) (eLy O —D =0 gem  (36)

The function ®(z) clearly has zero order at the points C, and order
- x at infinity.

Thus the problem (3.1) reduces to the nonlinear Riemann problem: to
determine the function 0(z) analytic outside the cut L under the con-
dition

QO =8() el B =a(t) X2(t) (3.7)

In {12] a treatment has been given of the nonlinear boundary value
problem of the Riemann type

@)™ = GYD™(2) + 8()

where n is an integer > 1, for a simple, smooth, closed contour which
divides the plane into an interior and an exterior region. In this prob-
lem the index of the function G(t) plays just as important a role as in
the linear case. The nonlinear character of the problem is made evident
by the fact that the constant obtained with the solution must satisfy
the condition of absence of branch points in the solution. A particular
solution of a problem of this type was considered in the earlier work
[13]. Wwe now note that when n < 0 the index of G(t) ceases to play an
important role in questions of solubility, and what is determined is the
inner nature of the function ®(:z) — the number of its zeros in the in-
terior or exterior region. The problem (3.7) can be reduced to a linear
Riemann boundary value problem for an analytic function, generally speak-
ing, having a logaritbhmic singularity.

Note. The value of the function G(t) on L has been taken equal to
unity in (3.2) only for definiteness. In concrete problems it is more
convenient to define G(¢t) on L in a continuous manner so that the abso-
lute value of the index x will be as small as pessible.

3. We consider the problem (3.7) for a simply connected region bounded
by a simple smooth closed curve. We assume from the beginning that B(t)
satisfies the Gel’der condition and nowhere vanishes on the contour L,
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which separates the interior D* and the exterior region D”. The index of
B(t) is clearly equal to the difference between the number of zeros of
the functions ®'(z) and 07(z) in their regions of definition, D* and D",

We consider the two functions ®*(z) and ¢ (z) defined by the ex-
pressions

Alg{z)

D (z) =M, (z) el B, D (z) = eT-@, T(z) = - Sln B{v) dr

M, (T) T—2zZ
L (3.8)

where M,(z) and M,(z) are arbitrary and, in general, nonanalytic func-
tions wh1ch are extended continuously onto the contour L so that M, ()=
M,y (), M, ) = My “(t). It is assumed that the integral on the contour
L has a definite meaning, and for this the formula of Sokhotskii has been
applied. The formulas (3.8) give a certain solution of the functional
equation (3.7) for simply connected regions in the class of nonanalytic
functions. Not studying the question of the degree of generality of this
solution, we note, however, that, for some more general assumptions, it
is easy to prove the uniqueness of the representation (3.8) in the class
of analytic functions having isolated singularities. By narrowing the
class of admissible functions M,(z) and M,(z) it is possible to deter-
mine all the required analytic solutions of the boundary value problem
(3.7) for simply connected regions.

Let the analytic functions ®*(z) and ® (z) have zero order everywhere
in the regions of their definition, and let the index of the function
B(t) be equal to zero. Then in the general solution (3.8) it is obvious
that it 1s necessary to take

My(z) =C, M,(2) =1 (3.9)

where C is an arbitrary constant. If the value of the function ¢ (z) is
prescribed at infinity, the solution becomes unique.

Let the function ®'(z) have m zeros at the points z = a; of the region
D+, and let the function 0 (z) have n zeros at the points z = b of the
region D”, whereby m - n = k, where x = Ind B(t). For def1n1teness, the
coordinate origin will be taken to lie in the region D*. Then the solu-
tion of the problem (3.7) can be determined up to an arbitrary multi-
plicative factor by means of Formula (3.8) in which it is clearly
necessary to put

M@ =Cl[ -] c—b)" M =22 (3.0

i=1
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If the functions 9'(z) and 07 (z) are not subject to the additional
requirements concerning the number and location of the zeros, as was done
here, then the boundary value problem (3.7) will have an infinite number
of solutions determined by Formulas (3.10) for the arbitrary numberssers

a;, b;, m, n, such that a, cnt, biED', m - n= K.
In this matter there is a most essential difference of the boundary

value problem (3.7) from the linear Niemann boundary value problem [9,10].

Let the coefficient P(t) have a zero or pole of integral order or let
it have a finite number of discontinuities of the first kind. It is con-
venient to introduce the canonical function of the problem (3.7), which
can be defined as the sectionally holomorphic function, which satisfies
the condition (3.7) and has zero order everywhere in the finite part of
the plane and order — x at infinity. The canonical function X (z) of the
problem (3.7) can be found from the formulas

Xt (2) == el @) Xy (2) = z#e T7(2) (3.11)
where I'(z) can be determined from Formula (3.8) with /5, (1) = . <.
With the aid of the X, (z), the cases when {(3(t) has a zero or pole of in-
tegral order or has discontinuities of the first kind, can be studied in
exactly the same way as that applied in the linear fiemann problem [9,10].
In particular, the discontinuities of the first kind can be removed by
the introduction of auxiliary potential functions.

Note. The problem (3.7) for a multiply connected region bounded by a
closed contour does not represent any essential features in comparison
with the case of the simply connected region,

4. We consider the problem (3.7) for an open contour. To begin with,
suppose that on an open curve L, consisting of n arcs with end points
a, and b, that the function B(t) satisfies almost everywhere the Gel'der
condition and that it does not vanish on a convergent sequence of points.

We consider the function ©(z) defined by the expression

. R . L, @) U B (M dv .
© (z) = N (z)eF @, 1(z)=_2_ﬁ_[_§1n‘w(r) X W= AMZ)]

Xo(2) =1 (2 — @ (a2 — 0"

Here the function Xs(z) is analytic outside the cut L, and also
X, (2) = 7% + ofz") when z - ®; N(z) and Nl(z) are arbitrary nonanalytic
functions, extended continuously onto the contour in such a way that
N Y(e) = N7(0); N(t) = N (8) = N(t); N(t) satisfies the Gel’der
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condition almost everywhere on L. Besides, we will assume for simplicity
that B(T)/Aﬂ(T) is bounded and does not vanish at the ends of the cuts,
and that Nl(z) cannot become infinite with order greater than 1/2,

Formulas (3.12) give the most general solution of the functional
Equation (3.7) for an open contour L in the class of nonanalytic func-
tions bounded at the end points of the cuts ¢, and b,.

It can be proved that, in general, the solution of the boundary value
problem (3.7), at least in the class of analytic functions having only
isolated singularities, will have, at the end points of the cuts g, bk'
either a nonintegrable essential singularity or will be bounded, so that
from the requirement of integrability of the solution at the ends of the
cuts ay, b, it follows that it is bounded in the neighborhood of these
end points.

By restricting the class of admissible functions N(z) and N,(z), it is
possible- to obtain from (3.12) all the required analytic solutions, which
are bounded at the ends of the cuts, of the boundary value problem (3.7)
for an open contour.

Let the analytic solution of the problem (3.7) have everywhere zero
order. In this case, in Formula (3.12) it is necessary to put

N (z) =1, N,(z) =0 (3.13)
Moreover, the following (n - 1) conditions must be satisfied
QMdr:o (k=0,1,...,n—2) (3.14)
PR ALY

Let the analytic solution of the problem (3.7) have m zeros at the
points ¢, 1 =1, ..., m (some or all the c; may coincide). We will
assume for definiteness that the point z = 0 lies on the contour L. In
the general solution (3.12) for an open contour, it is clear that it is
necessary to put

m
N@=zm[[(z—c) N (=0 (3.15)
i=1
Moreover, the following (n — 1) conditions must be satisfied
' ‘tk fm . A
V5 [poen (g )] f=0 (=0t = 849
i=1

Making use of the formula which describes the behavior of a Cauchy
integral in the neighborhood of the points on the contour, where its
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density has a logarithmic singularity ([10], p. 72), it is easy to find
that the solution of the problem (3.7), given by Formulas (3.12),

(3.15) and (3.16), is bounded in the vicinity of the point z = 0. Thus,
in analogy with the case of the closed contour, for the complete deter-
mination of the problem it is necessary, in general, to prescribe the
number and location of the zeros of the required solution; otherwise if
they are not prescribed the number of solutions is infinite and the solu-
tions are determined by Formulas (3.12), (3.15), (3.16) with arbi-

trary m, c;. For a prescribed number of zeros m the solution can be de-
termined with an accuracy up to m arbitrary constants.

Let the function P(t¢t) have a discontinuity of first order in the point
z = ty. We assume that the function Nl(z) in the form (3.12) is bounded
in the vicinity of the point :z = ty, and the function N(z) is bounded and
does not vanish in this point. Then when
z >ty by Formula (3.12)
5o n * B (1 —0)

D(z)=(z— tl)Zn v Go(2), x= Y] (347

where Go(z) is a function bounded when

z = t,. We will choose the argument X in re-
lation to the given class of the solution

in the point of discontinuity z = t,.

Note, Similarly, it is possible to de-
rive the solution of the nonlinear boundary
value problem of the type

[OF () = G (1) D™ (2) + 2 (1)

where n is an arbitrary integer, for a closed contour, and the solution
of the problem

O (1)jn=G (t) D~ (1)

for an open contour, does not exist in general when n = 0. When n >0

the basic characteristic of the problem is the index G(t), and when n <9
it is the number of zeros of the function G(t). In the general case
difficulties arise in ascertaining the character of the arbitrary complex
constants which occur in the solution. In connection with the coefficients
G(t) and g(t) of these problems as well as with the determination of the
values of the function ®(z) on the contour, it is possible to make a

great amount of generalization analogous to the case of the linear prob-
lem (see [14,15]).
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4. TIhe elastic-plastic problem for the exterior of a con-
tour consisting of straight and curved lines in that case
vhen the straight segments are free of loading and the seg-
ments of the curved arcs vhich are arbitrarily loaded are
entirely within the plastic zone. 1. Let the curved boundary arc,
which lies wholly in the plastic region (Fig. 2) be represented in the
complex z-plane by the equations

x=Er(t), y=m() k=1t,...,m

where §,(t), n,(t) are continuous functions. To this same arc there has
been applied a loading

Tin = ka (t), Irk (t)l < 1

Let A,, B,, C; be the vertices of the polygon which forms the contour
of the body; A,, B, are the points of the curved arcs some of which may
extend to infinity, i =1, ..., n. The equations of the straight lines
free of loading have the form

y::.’]:unej—'—dj J=1,...,m+4n)

where ej is the angle between the jth line and the x-axis. The stresses
in the plastic zones are given by Formulas (2.1) and (2.2), where

§(t), n(t), v(t) must be replaced by §,(t), n,(¢), 7,(t). The plastic
region cannot extend to the straight lines perpendicular to the straight
sections of the boundary and emanating from the vertices A,, B,. Other-
wise there would be a curved arc on which f'(z) = const, which is not
possible.

On the unknown boundary between the elastic and plastic regions there
is the condition on the continuity of the stresses (2.4), where 6 is de-
fined by Formula (2.1), and on the jth straight section of the boundary
y = x tan ej + dj the condition for the absence of loading

Re [(wn 0; — i) ' (2)] = 0 (4.1)

We pass to the parametric plane of the complex variable { with the
aid of the conformal mapping z = w({) such that the points C;, 4,, B, in
the z-plane are transformed into the points Cyr @y bk on the real axis
in the {-plane and the elastic region is in the upper half-plane
Im > 0 (Fig. 2).

We introduce the notation

pi' lo (8)) = kF (§) (4.2)
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For the determination, From Formulas (4.1), (2.3), (2.4) and the
equations of the lines, of the two functions w({) and F({) which are

analytic in the upper half-plane Im { > 0, we obtain the boundary con-
dition

[F ()] =1 onL, Re [(tn; — 1) F ()] =0 on M (4.3)
Re [F () o ()] = p (8) on L, Re [(tn 6; + ) 0 (§)] = — d; on M
(4.4)

Here L consists of the points of the real axis lying between a, and
b, (k=1, 2, ..., m), and M consists of the remaining points on the
real axis; p(8) = n[t(8)] sin 6 + Ek[t(ﬁ)} cos § on the segment (a,, b,);
and the function t(8) is defined by the relation 8 = a(t) - p(t) (see
(2.1) to (2.2)).

The boundary value (4.3) is related to the type of problem treated in
Section 3, since the function F({) is determined independently of w({).
After finding the function F({) and substituting it into the boundary
condition (4.4) for the determination of w({), we obtain a thoroughly
studied Hilbert problem for the upper half-plane [9,10] (we note that
8 = — arg F({) on the basis of Formula (2.4)).

The elastic problem under the condition of antiplanar deformation is
analogous to a two-dimensional problem in hydrodynamics [6]: in this the
displacement w corresponds to the velocity potential, the stress vector
T corresponds to the velocity vector. The present case with the absence
of dislocations corresponds in the hydrodynamic analogy to irrotational
streamline flow. This analogy makes possible visual determination of the
number and order of zeros of the function F({), since those points where
F(T) vanishes are critical points of the flow. For example, when the con-
tour of the body is free of loading and there is a constant stress at in-
finity, the function F({) has two zcros lying in ¥ on the real axis. In
general, their coordinates are not known beforehand and are to be deter-
mined from the solution of the problem (4.4), as well as the constants
ag. bk' c; (apart from three of these, which can be arbitrarily
prescribed). The stated solution is valid also for the case when the
body occupies the interior of a contour which consists of segments of
straight lines and curves and when the straight segments are free of
loading and the arbitrarily loaded segments of the curved arcs lie wholly
within the plastic zone. For this it 1s essential to bear in mind the
conditions, analogous to (2.11), which were imposed on the curved part of
the boundary, and the character of the loading, as well as the note re-
lating to the path of loading (Section 2).

It is curious, that the elastic problem cannot be expressed in quadra-
tures, so that the elastic-plastic problem turns out, in principle, to
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be simpler than the elastic one. We point out that Galin treated the
torsion of a bar of polygonal cross-section and the solution of the prob-
lem was reduced to the solution of a Fuchs-type differential equation
[16]. Problems in the theory of torsion prove to be more complicated than
those of antiplanar deformation because the right-hand side of the re-
presentation (1.7) contains the additional term pw:z, where w is the
angle of twist per unit length of the bar.

2. In spite of the fact that, in principle, the solution of the above
problem has been obtained in quadratures, the actual performance of the
integrations meets with great difficulty. Therefore there is great
interest in treating particular problems by simpler methods. A signifi-
cant simplification is introduced if the hodograph plane (2.5) is used
as the parametric {-plane, in those cases when the boundary of the
elastic region in the z-plane is connected by a one-to-one relation with
the known boundary in the hodograph plane. This occurs, for example, in
the elastic-plastic problem for a half-plane with a notch, the walls of
which are plane and the bottom arbitrarily loaded and completely con-
tained in the plastic zone.

We consider in more detail the elastic-plastic problem for a half-
plane with a straight crack ! extending from the boundary of the half-
plane. The surface of the crack and the boundary of the half-plane are
free of stress, and a shear stress T, acts at infinity. On the plane
[ = (w/k)f'(z) the elastic region is mapped into the unit semi-circle
with the cut by the line 7 = v,/k. The resulting boundary value problem
is easily solved with the aid of a double analytic continuation through
the diameter of the circle and the arc of the circumference. The solution
for all {, except { = 0, is

L A=) VPR =)
r=t nX<€>§ Eroaren U

XQ=VE+HE+ vy

(4.5)

where X({) = [? + O(1) when [ -~ .

The integral in the form (4.5) can be expressed in terms of elliptic
integrals of the first, second and third kind. However, the expressions
obtained are unwieldy and not effective for numerical calculations. What
is more effective is the asymptotic expansion of the function z({) in
terms of the dimensionless parameter T = 7,/k, which is assumed to be
small.

We quote a part of the asymptotic series
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L na=p
e=1+ %5 {c zrﬁ)[]/”r% A

— g T 1) ]/‘{ + - tggz + o — g F e |+
et P e )b (1-;~*~~—§4~-— ) —
— S re ) o) (4.6)

Here 4 (1 + z9)= 2z + O(z”"1) as z - @, and the expansion (4.6) is valid
for all {, except { = 0, when T = 1,/k is small (practically up to
values 7 ~ 0.9 for not toc small or large {). In the limiting case
To = k, Formula (4.5) gives

-t L tan-! - tant u1_"’
z=l+rar o §— wn (4.7)

wherein tan 10 = 0.

We will now determine the boundary of the plastic region. Since
{ = e'® it is sufficient to use terms up to the fifth order in Formula
(4.6}, On the basis of {4.6) and (4.7) we obtain the equation of the con-
tour of the plastic zone in the following form:

when 1< 0.8

=t VC::;;; %‘i‘}wm [1~ 2 (1 + 208 ¢)+0 ] @8
%Z, — 7= 21; S;n é@_i_ == [1 — TTj {1 -+ 2cos @)+ O (1;4)}
when Tt = 1
%—:1+2§ng (mcpmg;sintpwcosmln?—'g%g) (4.9;
3;—- = % (sin Q@ -~ «25 sin 2 — % cos 2¢In—= _(:z;: P +a 5 T{?f_‘i?;

We note the simple formula for the distance x* of the point of inter-
section of the contour of the plastic region with the x-axis from the
coordinate origin; which is obtained from (4.8) when ¢ = u/2

r

e 14 2wy 0] (4.10)



An elastic-plastic problen 1055

Figure 3 shows the elastic-plastic boundaries, calculated with
Formulas (4.9) and (4.10), for values of the loading parameter T = 1, /k
equal to 0.2, 0.5, 0.8, 1.0,

In the works [2,17] the solution of 04

the elastic-plastic problem for a crack
with small T << 1 was found and applied
to the problem of the stability of a
crack in shear.

3. We quote further the solution of
the elastic-plastic problem for a body
contained in the wedge 8, > arg z > - 6,
where m > 6, >0. On the sides of the Fig. 3.
wedge there is a constant prescribed
displacement such that w = h when
arg z = O and w = - h when arg z = — 8,. The solution appears in the
following way:

)

in the elastic region
F@ =H/68)ilnz
in the plastic region
= (h/ 8) argz, % = kietargz (4.11)
The boundary between the elastic and plastic regions is lz' = uh/eok.

In conclusion we note that the solution of the elastic-plastic prob-
lem for the boundary of a body consisting of straight lines and curves
in that case when the straight segments are free of loading and the seg-
ments of the curves which are loaded lie wholly in the plastic zone can
be carried over with inessential modifications to the solution of the
analogous problem, if the existence of concentrated forces is allowed in
the interior of the elastic region or on the straight-line boundaries of
the body.

The author is indebted to L.Ia. Semenov and I.N. Balashov for assist-
ance during the formulation of the problem.
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